A NOTE ON MALLIAVIN FRACTIONAL 
SMOOTHNESS FOR LEVY PROCESSES AND 
APPROXIMATION 



CHRISTEL GEISS, STEFAN GEISS, AND EDA LAUKKARINEN 

Abstract. Assume a Levy process (-Xt)te[o,il that is an L2- 
martingale and let Y be either its stochastic exponential or X 
itself. For certain integrands ip we investigate the behavior of 

N 

/ <p t dX t -J2vk-i(Y th -Y th _J 

where Vk-i is J r t fc _ 1 -measurable, in dependence on the fractional 
smoothness in the Malliavin sense of f, Q ^ tp t dX t . A typical situa- 
tion where these techniques apply occurs if the stochastic integral 
is obtained by the Galtchouk-Kunita-Watanabe decomposition of 
some f{X{). Moreover, using the example f{Xi) = 1(k j00 )(^i) 
we show how fractional smoothness depends on the distribution of 
the Levy process. 



1. Introduction 

We consider the quantitative Riemann approximation of stochastic 
integrals driven by Levy processes and its relation to the fractional 
smoothness in the Malliavin sense. Besides the interest on its own, 
the problem is of interest for numerical algorithms and for Stochastic 
Finance. To explain the latter aspect, assume a price process (S t )te[o,i] 
given under der martingale measure by a diffusion 

-t 



S t = s + [ a(S r )dW r 
Jo 



where W is the Brownian motion and where usual conditions on a are 
imposed. For a polynomially bounded Borel function / : R 4 8 we 
obtain a representation 

(1) f(Si) = V + [ <ptdSt 

Jo 

where ((ft)te[o,i) is a continuous adapted process which can be obtained 
via the gradient of a solution to a parabolic backward PDE related to 
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a with terminal condition /. The process (<Pt)te[o,i) is interpreted as 
a trading strategy. In practice one can trade only finitely many times 
which corresponds to a replacement of the stochastic integral in (CQ) by 
the sum J2k=i { Pt k _ 1 (S tk - St fc _J with = t < t 1 < ■ ■ ■ < t N = 1. The 
error 

N 

(2) / VtdSt-Yv^iS^-S^) 



»1 iV 

J ° fc=l 



caused by this replacement is often measured in L 2 and has been stud- 
ied by various authors, for example by Zhang [21 J, Gobet and Temam 
[TT] . S. Geiss [8J, S. Geiss and Hujo [9] and C. Geiss and S. Geiss [7]. 
For results concerning L p with p G (2, oo) we refer to [20], the weak 
convergence is considered in [10] and [19] and by other authors. In par- 
ticular, if S is the Brownian motion or the geometric Brownian motion, 
S. Geiss and Hujo investigated in [9] the relation between the Malliavin 
fractional smoothness of /(Si) and the L 2 -rate of the discretization er- 
ror (J2D. 

It is natural to extend these results to Levy processes. A first step was 
done by M. Broden and P. Tankov [5] (see Remark 14.111) . The aim of 
this paper is to extend results of [9] into the following directions: 

(a) The Brownian motion and the geometric Brownian motion are gen- 
eralized to Levy processes pf t ) t6 [ 0) i] that are L 2 -martingales and their 
Doleans-Dade exponentials S = S(X), 



St — 1 + / S u -dX u , 
J(o,t] 

respectively. For certain stochastic integrals 



F= / Vs-dX s 

J (0,1] 

and for Y G {X, S(X)} we study the connection of the Malliavin frac- 
tional smoothness of F (introduced by the real interpolation method) 
and the behavior of 

N 
k=l 



(3) <(F;(4)f=o) = inf 



where the infimum is taken over J-t k _ x -measurable Vk-\ such that 
Ev^_ 1 (l^ fc — Yt^) 2 < oo and where = t < ■ ■ ■ < t N = 1 is a 
deterministic time-net. 

(b) In contrast to [9], where the reduction of the stochastic approxima- 
tion problem to a deterministic one is based on Ito's formula and was 
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done in [H |7], we prove an analogous reduction in Theorems 13.31 and 
13.41 by techniques based on the Ito chaos decomposition. 

(c) One more principal difference to [2] is the fact that Levy pro- 
cesses do in general not satisfy the representation property and there- 
fore there are F 6 L 2 that cannot be approximated by sums of 
the form Ylk=i v k-i(Xt k — ^tk-i) m -^2- As a consequence we have 
to use the (orthogonal) Galtschouk-Kunita-Watanabe projection that 
projects L 2 onto the subspace I{X) of stochastic integrals f, Q ^ X s dX s 

with E Jg 1 |A s | 2 ds < oo that can be defined in our setting as the L 2 - 
closure of 
(4) 

^ ^ -"/, !. ; " " "/, ' ' / i - - "; ' y | .y 

. k=l ~ ' 

to deal with our approximation problem. 



N n i 

U = clq < ■ ■ ■ < djv = 1 



The paper is organized as follows. In Section [2] we recall some facts 
about real interpolation and Levy processes. In Section [3] we investi- 
gate the discrete time approximation. The basic statement is Theorem 
13.31 that reduces the stochastic approximation problem to a determin- 
istic one in case of the Riemann- approximation (T5]) (which we call sim- 
ple approximation in the sequel). The difference between the simple 
and optimal approximation is shown in Theorem 13.41 to be suffi- 
ciently small. Theorem 13.51 provides a lower bound for the optimal 
L 2 -approximation. Finally, Theorems 13.61 and 13.81 give the connection 
to the Besov spaces defined by real interpolation. We conclude with 
Section H] where we use the example f(x) = 1(k,oo){%) to demonstrate 
how the fractional smoothness depends on the underlying Levy process. 



2. Preliminaries 

2.1. Notation. Throughout this paper we will use for A,B,C > 
and c > 1 the notation A ~ c B for -B < A < cB and A = B ± C for 
B — C<A<B + C. The phrase cadlag stands for a path which is right- 
continuous and has left limits. Given q G [1, oo], the sequence space £ q 

consists of all a = (aN)N>i Q K such that \\a\\e := (Y1n=i l^ivl 9 ) 1 ^ < 
oo for q < oo and Holl^ := sup 7V>1 |ajv| < oo, respectively. 

2.2. Real interpolation. First we recall some facts about the real 
interpolation method. 
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Definition 2.1. For Banach spaces X\ C X , where X\ is continuously 
embedded into X , we define for u > the K-functional 

K(u, x; X , Xi) := inf {||x ||x + w||zi IUJ- 

£=2:0+2:1 

For 6* G (0,1) and g G [l,oo] the real interpolation space (Xo,Xi)g jq 
consists of all elements x G Xq such that ||^||(x ,Xi) e < 00 where 

f [f^xilo,!!)]^]', ge[l,oo) 

lkll(Xo,Xi) e>9 :— S 

I smp u>0 u~ e K(u,x;X ,Xi), q = oo. 



The spaces (Xo, Xl)^ equipped with || • ||(x ,Xi) s become Banach 
spaces and form a lexicographical scale, i.e. for any < 9 1 < 9 2 < 1 
and qi, q 2 G [1, oo] it holds that 

Xo 2 (X ,Xi)g im D (X ,X 1 )g 2t g 2 D (X , Xi)0^ m i n { qit q^ D X\. 

For more information the reader is referred to [3], H] . 
2.3. The spaces B^(£). 

Definition 2.2. For a sequence of Banach spaces E = {E n )^ =Q with 
E n ^ {0} we let £ 2 (E) and di t2 (E) be the Banach spaces of all a = 



00 e E such that 



- ✓ — 

(OO \ 2 / OO \ 2 

X] IKIlk ) and ll a IUi,2(s) : = I + 1 )H a «llk 
n=0 / \n=0 

respectively, are finite. Moreover, for 9 G (0, 1) and q G [1, oo] we let 



(e 2 (E),d lt2 (E)) e<q : 9 E (0, 1), g G [1, oo] 
d x , 2 (£) : 9 = l,q = 2 



K, g (E) : = 

It can be shown that (cf. [91 Remark A.l]) 



oo 

-i 

-2,2 (E) 



W PL, ■ 



n=0 

To describe the interpolation spaces M% (E) we use two types of func- 
tions. The first one is a generating function for (||fln||i; )J£=o> i- e - f° r 
a = (a n )~ G i 2 {E) we let 



T a (t) := J2 \K\\lj n . 



n=0 
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The second function will be used to describe our stochastic approxima- 
tion in a deterministic way: For a G ^{E) and a deterministic time-net 
t = (tk)k =0 with = t < ■ ■ ■ < t^ = 1 we let 



N 



A(a,r) := ( E / {h ~ t){T a )" {t)dt 
^ fc=i 

For the formulation of the next two theorems which will connect ap- 
proximation properties with fractional smoothness special time nets 
are needed. Given 9 G (0, 1] and N > 1, we let rjy- be the time-net 



(5) 



t 



I - ( 1 - j- J 6 for k 



0,1,. ..,N 



for which one has (see [TUJ relation (4)]) 



(6) 



\t N /~t\ 



< 



,N,e I 



(i-ty-° - (i 



L k-l) 



< 



9N 



for A; 



AT 



and t G ^j^' 6 *)- For = 1 we obtain equidistant time- nets. The 

following two theorems are taken from [9]. For the convenience of the 
reader we comment about the proofs in Remark 12.51 below. 



Theorem 2.3 ([9]). For 9 G (0, 1), q G [1, oo] and a 



b n) n =0 



one has 



2,1 



\h(E) 



+ 



/ N=l 



where c G [1, oo) depends at most on (9, q) and the expressions may be 
infinite. 



Theorem 2.4 Q9J). For 9 G (0,1] and a = (a n )™ =0 G £ 2 {E) the follow- 
ing assertions are equivalent: 

(i) aeB e 2>2 (E). 

(ii) Sl{l-ty- e T£{t)dt < oo. 

(iii) There exists a constant c > siic/j £/ia£ 

A(a,<4)<-^= /or iV = l,2,... 
V iv 



Remark 2.5. We fix a = (a n )^ G ^(-E) and (6 1 , q) according to 
Theorems 12.31 and 12.41 Then we let /3 n := ||a n ||.E n and define / = 
Y^=o Pnh n G -^2(^7)5 where 7 is the standard Gaussian measure and 
(h n )^L Q the orthonormal basis of Hermite polynomials. As before, let 

: = ( E / {h-t){T p )"{t)dt\ with I>(t) := 
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Omitting the notation (E) in the case E = (R, R, ...), we have 
ll a lk(£) = ll/^lk and ll a IU, 2 (£) = Il/5||di, 2 - Moreover, Theorem 2.2] 
gives that ||a|| B e ^ ~ c (0,g) ||/3||b» f° r $ e (0> 1) an d Q [1; °°] because 
of T a = Tp. Hence [HI Lemmas 3.9 and 3.10, Theorem 3.5 (X=W)] 
imply Theorem 12.31 of this paper. The equivalence of (i) and (hi) of 
Theorem 12 .41 follows in the same way by [91 Lemmas 3.9 and 3.10, The- 
orem 3.2 (X=W)]. Finally, the equivalence of (i) and (ii) of Theorem 
12.41 is a consequence of the proof of [9l Theorem 3.2 (X=W)]. 

2.4. Levy processes. We follow the setting and presentation of [T71 
Section 1.1] and assume a square integrable mean zero Levy process 
X = (X t ) te [ 0) i] on a stochastic basis (fi, J 7 , P, (J r t )te[o,i]) satisfying 
the usual assumptions, i.e. J 7 , P) is complete where the filtration 
(J-i) tg [o,i] is the augmented natural filtration of X and therefore right- 
continuous and J 7 := T\ is assumed without loss of generality. The 
Levy measure v with ^({0}) = satisfies 

x 2 v[dx) < oo 

by the square integrability of X (see [Hlj Theorem 25.3]). Let N be the 
associated Poisson random measure and dN(t, x) = dN(t, x) — dtdv[x) 
be the compensated Poisson random measure. The Levy-Ito decompo- 
sition (see [T6| Theorem 19.2]) can be written under our assumptions 

as 

X t = aW t + / xN(ds, dx). 

J(0,t]xR\{0} 

We introduce the finite measures /i on £>(R) and in on B([0, 1] x R) by 

/j(dx) := a 2 So(dx) + x 2 u(dx), 

Tm(dt,dx) := dtfi(dx), 

where we agree about /^(R) > to avoid pathologies. For B G i3((0, 1] x 
R) we define the random measure 

M(B) =0-1 dW t + I xN(dt, dx) 

J {te(o,i]:(t,o)eB} ^sn((o,i]x(M\{o})) 

and let 

H ■= L 2 (([0,1] x R) n ,£(([0,l] x R)"),ni® n ) for n > 1. 
By [12, Theorem 2] there is the chaos decomposition 

oo 

L 2 :=L 2 (ft,^,P) = 0/ n (L£), 

n=0 

where IoiL®) is the space of the a.s. constant random variables and 
I n (L%) := {I n (fn) ■ fn G L%} for fi = 1,2,... and I n (fn) denotes 



FRACTIONAL SMOOTHNESS, LEVY PROCESSES AND APPROXIMATION 7 

the multiple integral w.r.t. the random measure M. For properties of 
the multiple integral see [121 Theorem 1]. Especially, ||^n(/n)||| 2 = 
n!||/ n ||in and 



\F\\l = J2 n] Wfn 



2 

n=0 



with f n being the symmetrization of f n , i.e. 

fn( z li ■ ■ ■ ) z n) = ~^ ^ j fn(Zn(l)i ■ ■ ■ i z w(n)) 

for all Zi = (U,Xi) G [0,1] x R, where the sum is taken over all permu- 
tations 7r of {1, . . . , n}. For F e L 2 the /^-representation 

oo 
n=0 

with io(/o) = a - s - is unique (note that I n (f n ) = I n (f n ) a.s.). 

2.5. Besov spaces. Here we recall the construction of Besov spaces 
(or spaces of random variables of fractional smoothness) based on the 
above chaos expansion. 

Definition 2.6. Let ©i i2 be the space of all F = Y^=o^n(fn) G L 2 
such that 

oo 

:=^(n + l)||4(/„)||i 2 <oo. 

71=0 

Moreover, 

e _ / {L 2 ,B 1)2 ) e>q : E (0,1), q E [1, oo] 

2 '"-~l Di,2 : 9 = l,q = 2 



2.6. The space of the random variables to approximate. We 
will approximate random variables from the following space M: 

Definition 2.7. The closed subspace M C L 2 consists of all mean zero 
F G L 2 such that there exists a representation 

oo 

F = Y,Wn) 

n=l 

with symmetric /„ such that there are ho G M and symmetric h n G 
L 2 (/i®") for n > 1 with 

fn{(tl,Xl), ■-, (tn, X n )) = h n -x{x U X n _i) for < t x < • • • < t n < 1. 

The orthogonal projection onto M is denoted by II : L 2 — > M C L 2 . 
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Let us summarize some facts about the space M: 

(a) Representation of II. For 

oo 

G = ^I n {a n ) E L 2 

n=0 

with symmetric a n E L% one computes the functions h n of the projec- 
tion F = 11(G) by 

h n -i(xi, 

rl rtn-i rt'2 r 

= n\ / / ... / / a n ((ti,xi), (t n _i,x n _i), (t n ,x n )) 
Jo Jo Jo Jr 

(7) x^^-dt 1 ---dt n far»>l. 

(b) Integral representation of the elements of M. Given F E M 
with a representation like in Definition 12.71 (the functions h n are unique 
as elements of L 2 (/i® n )), we define the martingale ip = (<ft)te\o,i) by the 
L 2 -sum 



oo 

^ t :=/io + 5^(n + l)/ n (Mfo; ] 



n=l 



which we will assume to be path-wise cddldg. It follows that 



Ir'illL = hl + ^(n + l) 2 n\t n \\h n \\ 2 L2{ ^ n) 



n=l 

oo 



n=l 



, oo 

= ^ + -7 i rE t > +1 ) ll^ + l(/n + l)HL 
^ ' n=l 

so that 

oo 

(9) fi(R) sup ||^||i 2 + ||F||i 2 = $> + l)H4(/n)||| 2 . 

*6[0.1) ■ n=0 

Moreover, for t E [0, 1] we get that, a.s., 

F t :=E(F\F t )= [ <p s -dX s . 
J(o,t] 

This is analog to the Brownian motion case considered in [7] and 
where the representation F = KF + f, Q ^ (p s dB s was used together with 
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the regularity assumption that ((p a )se[o,i) * s a rnartingale or close to a 
martingale in some sense. 

(c) Basic examples for elements for M are taken from Lemma 
14.21 below: Let Tlx '■ L 2 —> I(X) C L 2 be the orthogonal projection 
onto I(X) defined in (j3J) and let / : R — > R be a Borel function with 
/(Xi) G L 2 , then 

n x (/(x a )) = n(/(xo). 

This means the elements of M occur naturally when applying the 
Galtchouk-Kunita-Watanabe projection. It should be noted, that in 
the case that a = and v = a5 Xo with a > and xo G K. \ {0} we have 
a chaos decomposition of the form /(Xi) = E/(Xi) + S^Li Pnlni^T^ii) 
with /3 n G R, so that already f{X x ) G M. 



2.7. Doleans-Dade stochastic exponential. 
Definition 2.8. For < a < t < 1 we let 

oo j f-fi ®n \ 

n! 

n=l 

where we can assume that all paths of (S^) t £[ a ,i] are cadlag for any 
fixed a G [0, 1]. In particular, we let S = (S , 4 ) ie [ 0) i] := (Sf) t e[o,i]- 

The following lemma is standard and we omit its proof. 

Lemma 2.9. For < a < t < 1 one has that 

(i) S? = l + j {aA S a u _dX u a.s., 

(ii) S t = S?S a a.s., 

(iii) Sf is independent from T a and E(S' t a ) 2 = e^^"'. 



3. Approximation of stochastic integrals 
In the sequel we will use 

oo 

T N := {r = (t fc )f =0 : = t < ■ ■ ■ < t N = 1} and T := [j T N 

N=l 

as sets of deterministic time-nets and define |r| := maxi<fc<Ar \tk—tk-i\. 
We will consider the following approximations of a random variable 
F G M with respect to the processes X and 5: 
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Definition 3.1. For N > 1, Y G {X,S}, F = J {Q1]Vs _dX s G 
^4 = t>U)£Li C J 7 and r G 7jv we let 

(i) a| m (F;r, A) := \\f - EL ^W^" 1 " 1) 

(ii) ay Pt (F; r) := inf F - Ef=i tfc-ifo - 
mum is taken over all J r t fc _ 1 -measurable t^-i : f2 — > R such that 



where the infi- 



Remark 3.2. 



(i) The definition of a§ m takes into account the addi- 
tional sets (Ak)ff =1 to avoid problems with the case that S van- 
ishes. These extra sets A in a s g m (F; r, A) play different roles in 
Theorem 13.31 Theorem 13.41 and in Theorems 13.51 13.61 and 13.81 To 
recover a more standard form of a| im assume that (St)te[o,i] and 
(S t -)te[o,i] ar e positive so that we can write 

F= ip u ^(S u -dX u ) with ip u := ^ 
7(o,i] &u 

and obtain that 

N 



k=l 



k=l 

N 



F -^2 1 Pt k . 1 (St k -St k _ l ) 



k=l 

which is what one expects, 
(ii) In the sequel the crucial assumption will be 

£l = {S t ^0} for all £G[0,1]. 

This can be achieved by the condition v{{— oo, —1]) = which 
implies the almost sure positivity of S and we can adjust S on 
a set of measure zero; see [TB"l Theorem 1.4.61] and |16[ Theorem 
19.2]. 

Because of the martingale property of (<ft)te[o,i) it is eas Y to check that 



F:t) 



N 



f-^^-A^-x^: 



k=l 



so that for Y = X the simple and optimal approximation coincide. 
The theorem below gives a description of the simple approximation by 
a function Hy{t) that describes, in some sense, the curvature of F G M 
with respect to Y. 
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Theorem 3.3. Let F e M, 

oo 
n=l 

with 

_ ( (n + l)h n (x 1 ,...,x n ) : Y = X 

\ (n + l)h n (x 1: ...,x n ) - hn-^xi, x„_i) : V = 5 

T7ien ; /or r G T, one has 

aT(F;r) = (jh f" (t k - t)H x (t)dt) , 

(N tk \ I 

k=l / 



where in the last equivalence \r\ < 1///(R) and c := (1 — ^/ //(R)|r|) 1 
aradlF = (ft,..., ft). 



Proo/. Case F = X : We get that 

oo 

E^-VO 2 = X> B -*Z-i)(n + l)MlMLfc.») 



n=l 
oo 



^(n + l) 2 nn! / u n_1 cMIMLou®" 

71=1 Jtk-\ 



1 /"* 

/ H 2 x (u)alu 
't k -i 



which implies for a x m (F; r) = a° x t (F; r) =: ax(F; r) that 

\a x (F;r)\ 2 = /x(R) ^ / E|^-^_J 2 ^ 

fc=i ^'fc- 1 

= J2 (tk-u)H 2 x (u)du. 

k=l ^ tk - 1 
Case F = S : Here we get that 

ar(F;r,Q N ) 
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E 

/ N ftk 

= / E 

^ k=i Jtk - 1 



tk 2 



dt 



<p u -dX u 



(t fc -i,t] 



+ 



<p u -dX u - ^(stt 1 - 1) 



(t k -l,t] 

N -t k 



dt 



E/ * 

fe=i ^^-i 
±(/i(K)E/ E 



..-/ 

(tfc-l! 



ip u ^dX u 



2 . l 



where 



iV 



fc=i 



<p u -dX u - (pt^S}!. 1 - 1) 



(*fc— i ,*] 



2 . l 



dt 



MR) £ / E 

fc=l ^* fc -! 



(**: — !>*] 



2 l 

dt 



< 



iV 



fe=i 



(tfc-i)**;] 



^dx^-^^r-i) 



2 l 
2 



where we used S^ 1 = a.s. for t e (t fc _i,t fc ] and the martingale 

property of / (tfc _ ljt] 

d^-^,^" 1 -!). Finally, 
<Pt - - / l Pu~dX u 



N 



MR)E / E 

fc=l ^* fe -! 



(*k-l,t] 



2 . I 

dt ' 



N 



fc=l "^fc-l 
E / / H 2 s (u)dudt 



□ 



The next theorem states that the simple and optimal approximation 
are equivalent whenever A k : = {<S' tfc _ 1 7^ 0} is taken. 
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Theorem 3.4. For F <G M and t G T one /ias £/ia£ 

\4™(F;t,A) -af\F;r)\ < c[\r\\\F\\ L2 + v^of(F;r)] 

where c > depends on fi only and A k := {5 , tfc _ 1 7^ 0}. 

Proof, (a) In the first step we determine an optimal sequence of 
(ujfc)^ 1 . For < a < 6 < 1 we get from Lemma [2.91 that 



inf 



inf 



inf 



v(Sb -S a )- I <-Pu-dX u 

(0,6] 



vS a (S 6 a - 1) - / <^-<Of u 

(a,6] 



i> is J-" a -measurable 

E|t;(5 6 -5 Q )| 2 <oo 

f is J^-measurable 

EluSJ 2 < 00 



vt {Sam (SZ-l) 



tp u _dX u 



(a,b) 



v is J-" a -measurable 1 
E\v\ 2 < 00 j 



The infimum is obtained with 



E(£fft_££_dt|.F a ) _E(f>^|J- a ) E(/ a Vs?*l^«) 



/.E(5?) 2 * 



and 



u := 



: ^ = 



where we used that 

(10) (ft- = ft a.s. and S 1 ". = S 1 " a.s. on (a, 6]. 



(b) Now it holds that 

\aT(F;T,A)-aT(F;r) 



N 



< 



F-EF-^t^tA^t 1 -!) 
k=i 

N 

F — EF — ^2 v k-i(S tk — (S , tfc _ 1 
jfc=i 



L 2 



L-2 



k=l 



L 2 
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N 



2 r «0R)(t fc -l*_O 



1] 



Moreover (using again ffTUj) ) we have 



t fc _i - Vfe-l-St fc _i]lA fc ||i^ 



+ 



1a, 



■tk 



1a, 



I £ 2 



E 



L2 



The first term on the right-hand side can be bounded from above by 
/i(R)(£fc — tfc-i) | _ilA fc ||l 2 - F° r the second term we let a = tk-i < 
t k = b and X t = tA k {<ft ~ and obtain 



E 



< E 



E 



< E 



\ t (S a t - l)dt 
\M 2 dt 
\X t \ 2 dt 
b \Xt\ 2 dt 



Fa 
Fa 
Fa 



E 



OS? - 1) 2 * 



-ac(o, 6) 



where the last inequality follows from 



IK-lll^ 



n{R)n{a,t)dt 



< 



fl(Ji)h-(n.t) ( ^K(a,t) ) r/f 



m(i 



-/c(a, 6) 2 . 



Hence 



II [¥>*„_! -^-i^-JIaJI^ 

< ^(R)(t& — tfc_l)||^t fc _ 1 lA fc ||i2 



+ 
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Using e M(»)(*k-*fc-i) _ i < yU (R)e^( R )(4 - we conclude with 



Now we show that 1 / \/N is the lower bound for our approximation if 
time-nets of cardinality N + 1 are used. 

Theorem 3.5. Let F e M and Y e {X, S}, where in the case X = S 
we assume that Q = {S t ^ 0} for all t e [0, 1] . Unless there are a,&GR 
such that F = a + bY\ a.s., one has that 



Proof. Case Y = X : We have Hx{t) = for some t e (0, 1) if and only 
if h n = /!® n a.e. for all n = 1,2, ... which implies that F = h(fi) = 
h{ho) = hoXi. This means that our assumption on F implies that 
Hxif) > for all t G (0, 1). Consequently, Theorem 13.31 gives for any 
fixed s e (0, 1) that 



ar(F;r,A)-aT(F;r)\ 



< 





□ 



liminfv^ inf a°f(F;r N ) > 0. 




(F;t n )\ 2 = NJ2 / (t k -t)H 2 x (t)dt 



k=l Jt k-1 



r 1 r i 

> n / ]T(t fc -t)%_ lA) (t)i4( s ) dt 



= ^H x (s)Nj2{t k W s -ViV s) 2 



> ^H 2 x {s){l - s) 2 



which proves the statement for Y — X. 
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Case Y = S : Similarly as in the previous case our assumption on F 
implies that Hg(t) > for all t G (0, 1). In fact, assuming that Hg(t) = 
for some t G (0, 1) implies 

(n + l)h n (x 1 ,...,x n ) = h n -i(x 1 ,...,x n -i) /x 0ri -a.e. 

for all n = 1, 2, .... By induction we derive that 

ho ®„ 



h. 



(n + 1)! 



//® n -a.e. for n > 



so that f n = ho/n\ m® n -a.e. for n > 1. This would give that F = 
fro (-Si — 1) a -S- 

Hence applying Theorem 13.31 as in the case Y = X implies that there 
is an e > such that 

1 



Na s jn (F; t n , n N )>e>0 for all r N e T N with \r N \ < 



For an arbitrary N > 1 and G 7jv Theorem 13.41 gives 

a° s pt (F;r N ) > ar(F;r N ,Q N ) - c m [\r N \\\F\\ L2 + vRof (F;^)]. 

Letting Tiv := T N U{k/N : fc = l,...,iV-l} G L& T k , N > 2//(R)V2 
implies |rzv| < 1/iV < l/(2/i(R)) and 



NaT{F;r N ) 
> VNaT(F;r N ) 



> Vn- 



> 



V2 



'2N 



+ a?(F; (A;/iV)to 



\F\\l 2 + ^W\aT{F;T N ) 



N 



N 



The convergence a^ )t (F; (k/N)^ =0 ) — ► as iV — >• oo follows from The- 
orem [23] because of Jl (1 — t)H\{t)dt < oo which can bee seen by 
considering the trivial time- net {0, 1}. Consequently, 



lim inf v N 

jV->oo 



inf a° s p (F; t n ) 

rjvfc In 



> 



V2' 



□ 



Now we relate the approximation properties to the Besov regularity. 
We recall that the nets were introduced in (J3]) and that for 8=1 
we obtain the equidistant nets. 
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Theorem 3.6. For 9 G (0, 1), q G [1, oo], Y G {X, 5} odFeM toe 
following assertions are equivalent: 

(i) F g B^. 

(ii) (Tvf-laf (F;^))^ =1 < oo. 

If fl = {S t 7^ 0} /or a// 1 G [0, 1], toen (i) and (ii) are equivalent to: 



(iii) (wKaf^rj^ssu 



< oo. 



iv) (N2~«a s g m (F; r^, " ))^=i 



< oo. 



For the proof the following lemma is needed. 
Lemma 3.7. For F G M and t G [0, 1) one has that 

\H s (t) - H x (t)\ <M»0IMU 2 . 

Moreover, 



A? 



tit 



E/ (t k -t)H*(t)dt 



N rt k 

E / (tk-t)H 2 x (t)dt 



Proof. From the definition we get that 



i 2 (M® n ) 



n=l 

oo 



n=l 



Finally, 



N rt k \ 2 ( N rt k 

E / - E/ (**-*)^(*)* 

fc=i ^^-i / \k=i Jtk - 1 

< (e r ^-^i^w-^wrdt 



< |t|2 



= T 2 



2||F| 



L 2 - 
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□ 



Proof of Theorem \3.b\ (i) -<=>- (ii) follows from Theorem 12.31 and The- 
orem 13.31 because 

, 2 / oo \ oo 

(11) H x( t )=jf2 EllU/UIll/ 1 if F = J2Wn). 

\n=l J n=l 



iii) •<=>■ (iv) follows from Theorem 13.41 and (ii) •<=>■ (iv) from Theorem 
and Lemma [3.71 □ 



Theorem 3.8. (a) For FeM and 9 G (0, 1] the following assertions 
are equivalent: 

(i) F e B* 2 

(ii) supjv N^a°^ t (F; r e N ) < oo. 

IfVL = {S t 7^ 0} for all t G [0, 1], then (i) and (ii) are equivalent to: 

(iii) sup^ N^a°g (F; t%) < oo. 

(iv) sup N N^ap(F;r N ,tt N ) < oo. 

(b) If the assertions (i) - (ii) hold, then we have 

lim N\aT(F;T e N )\ 2 = ± f\l - tf~ b W x {t)dt 

and if in addition Q = {St ^ 0} for all t G [0, 1], then 

lim N\aT(F;r e N )\ 2 = lim N |a s 5 im (^; 4, Q N ) f 

Proof. Part (a): (i) -<=>- (ii) follows from Theorems 12.41 and 13.31 be- 
cause of (fill . 

(ii) -<=>- (iv) From [91 Lemma 3.8] and Theorem 13.31 it follows that 

the desired equivalence is equivalent to 

(12) 

f {I - tf- e H 2 x {t)dt < oo if and only if [ (1 - t) 1 ' 6 H 2 s {t)dt < oo. 

In view of Lemma 13.71 it is therefore sufficient to check that L (1 — 
i) 1_e ||<^||| 2 di < oo which follows from f \\(p t \\ 2 L2 fj,(E,)dt = \\F — 
EF||| 2 <oo. 

(iv) -<=>- (iii) follows from Theorem 13 A\ a° x t (F;r) < \\F\\l 2 and 
K\ < ViON) by ©. 
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Part (b): Let a(s) := 1 - (1 - s)* and H : [0,1) -> [0, oo) be non- 
decreasing and continuous such that ^{l — i) l ~ e H 2 {t)dt < oo. For any 
5 G (0, 1) and rj := we observe that 



l -f\i-tr° H \t)dt 



29 

Because 

a'(s) = lim ViV 



a\a-\t))H 2 (t)dt 
a'{s) [H 2 {a{s))a'(s)]ds. 



N 



k=l 



a ( Jj A V J -a 



k-l 



A i] 



1 [fc-i k_ \ is) 

[ N ' N ) 



for s G [0,i]) and all terms on the right-hand side are bounded by the 
Lipschitz constant of a on [0,1]}, dominated convergence implies that 



Y 6 j\^-tY~ e H\t)dt 



, i " 

hm - > / 



AT— > 



N 



a I ft A V J -a 



k-l 



A i] 



[H 2 (a(s))a'(s)] ds 



= ^£# 2 («- 9 



,N,e 



N-yoo 



fc=l 
^ AS 



= lim N y (t^AS-t^it^dt 



where we use that H is uniformly continuous on [0,5]. From this we 
deduce that 



liminfiVV [" (t" fi -t)H 2 (t)dt 

N^oo ,N,8 y fe ' w 

fc=l Jt h-\ 

> hminfiV^/ {t N k e A5-t)H 2 {t N k f l )dt 

= Y 9 J\^-ty- e H 2 (t)dt 
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for all 5 G (0, 1) and therefore 

(i-ty- e H 2 (t)dt. 



liminf N Y / (t N / -t)H 2 (t)dt > — / ( 



On the other hand, (EJ) implies 

[ N E - *)* ) (^w* ^ ? / (i-t) 1 -^ 2 ^ 

for 5 G (0, 1). Choose 5 such that the right hand side is less than e > 0. 
We conclude (also using the previous computations of part (b) and the 
uniform continuity of if on [0, 5}) 



limsupiVy" / (t"' e -t)H 2 (t)dt 

< limsupivV / (t"' e -t)H 2 (t)dt + e 

= lim N V / (tf' 6 A 5 — t)H 2 (t)dt + e 
l-t) l - e H 2 (t)dt + e 



1 

29 



and 



< 

- 29 



limsupiVV [" (tf e -t)H 2 {t)dt<^- ( {l-tf- e H 2 {t)dt. 
N^oo fi J tt\ 29 J Q 

Consequently, 

N rt^ e i rl 

{l-tf- e H 2 {t)dt. 



lim NY [" (t N k > e -t)H 2 {t)dt = - n [ 



It follows from f|T2|) that for ii G {Hx,Hs} our assumptions on if 
are satisfied. Hence Theorem 13.31 implies the limit expressions for d 



opt 
X 



and a s g m (-; -,Q ) (note that c — >• 1 for |r| — > in Theorem 13. 3j) . The 
relation for a^ pt follows from that one for a| im (-; •, £l N ), Theorem 13.41 
and the fact that 

lim >ffiJK\*TlF\ 4) < limsup J\af (F; r e N ) = 
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where we have used ([6]) and, as in the proof of Theorem [331 the relation 
f*(l - t)H 2 x {t)dt < oo together with Theorem E3J □ 

Using the results from [151 Theorem 2.4] one can derive from Theorem 
13.31 for example the following assertion. 

Corollary 3.9. For F G M one has the following equivalences: 

(i) There is a constant c > such that 

inf aT(F; r N ) < for N = 1,2, ... iff I H x (t)dt < oo. 

rjveTjv ^JN Jo 

(ii) There is a constant c > such that 

inf a s s im (F; rjv, tt N ) < for N = 1,2, ... iff [ H s {t)dt < oo. 

r N eT N vi\T Jo 

4. Examples 

4.1. Preparations. The following two lemmas provide information 
about the orthogonal projection II : L 2 — > M C L 2 . 

Lemma 4.1. Given G G L 2; 6* G (0, 1) and g G [1, oo], one nas that 

(i) G G ©i, 2 implies U(G) G D li2; 

(ii) G G imp&es II (G) G B^. 

Proof. The lemma follows from the fact that for 

oo 

G = y] I n (a n ) 

n=0 

with symmetric a n G L!? the function /i n from Definition 12.71 computes 
as in ([7]) so that ||/ n ||.L™ — \\ce n \\L% where /„ is defined as in Definition 
12.71 Hence, the statement can be derived (for example) from Theo- 
rem [23] using the monotonicity of A with respect to ||a n ||s n and the 
definition of Bi )2 - □ 

Lemma 4.2. For a Borel function f : R — > R wift f{X\) G L 2 inere 
are symmetric g n G L 2 (/i® n ) swca tna£ 

oo 

(13) /(X0 = E/(X0 + 

n=l 

Moreover, it holds that H(f(Xx)) = Yl^=i ^n(fn) with symmetric f n 
satisfying 

fn((h,Xi), (t n ,X n )) = h n -i(xi,... 

i X n —\ ) 
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(14) 



fj,(dx) 

7m 



on < ti < • • ■ < t n < 1 and II(/(Xi)) is the orthogonal projection of 
f(Xi) onto I(X) defined in 0). 

The representation (|T3"|) is proved in [I] and [2] and is based on invari- 
ance properties of f{Xi) that transfer to the chaos representation. One 
could also use [6l Section 6]. 



Lemma 4.3. Let f e C&(R) and /(Xx) = E"=i 4(^1^) e Di, 2 
mi/i symmetric g n G L2(/i® n ). T/ien i/ie martingale ((pt)te\o,i) given by 
|2P and ^ as a closure <pi, i.e. E(<^i|J r t ) = <£> t a.s., wif/i 



Pi 



/(X 1 + x)-/(X 



- + l {sB =0}/'(*l) 



n(dx) 



a.s. 



Proof. From [HI Proposition 5.1 and its proof] it is known that 

HK\ t f(X 1 + x)-f(X 1 ) 
(15) l{^o} 



X 



t{ x =Q}f\Xl) 

oo 

n(') •^)l(Qji] ^) ® IP o.e. 



n=l 



Consequently, (1T4"]) implies that, a.s., 

/(Xl+ x)-/(X 1 ) 



-{^o}- 



.r 



+ l {a!= o}/'(*l 



[ T ( ( M,®(n-1)\ M^) 



li{dx) 



// 



n=l 
oo 



Mi 



(n-1) 



n=l 



where the second equality follows by a standard Fubini argument. □ 
Definition 4.4. For 5 > we let 

ij)(8) := supPflXi - A| < 5). 
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Example 4.5. The small ball estimate 
(16) ip(5) < cd 

can be deduced if X\ has a bounded density. As an example we use 
tempered a-stable processes with a G (0, 2), given by the Levy measure 

v a (dx) := ^1 i +Q (1 + \x\)~ m t{ x ^o}dx 

with d > and m G (2 — a, oo) being fixed parameters. Then (T8J 
Theorem 5] implies that X% has a bounded density. 

For if el and e G (0,1] we let f Kfi G C 6 °°(R) with f K , E (x) = if 
x < K, f K ,e( x ) = 1 if ar > K+e, < f K>£ ( x ) < 1 and < f' K>E (x) < 2/e 
for all i6l. 



Lemma 4.6. For if G R and e > we have that 

T i.- .A A i -i /' i — / ,.• (A,l 

E 



< 4 



;r 

^(2e) 

5 J0<\x\<e 



fx(dx) 
x 2 v[dx) + 



^(|x|)i/(<ix). 



£<\X <00 



Proof. We get that 



E 



fi(dx) 



E 



0<|x|<£ 



/^(Xi + x)-/^^; 



+E 



£<|x|<00 



/x,£(X 1 + x)-/ x ,£(X 1 



[/.(dx) 



/i(dx) 



x 2 v[dx) 



< -P(Xi G [if-£,if +2 £ ]) / 

£ ./0<|x| 

+ / P(X X < if + e, X x + x > K)u(dx) 

J £<X<00 

+ I P(Xi + x < if + e, Xx > K)u(dx) 

J —00<X<—E 

V(2e) 



< 4 



x v(dx) 

E " J()<\x\<£ 

P(|X! - if | < x)v(dx) 

£<x<oo 
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< 4 



/ F(K <X X <K - 2x)u(dx) 

oo<x<—e 

V(2e) 



x vidx) 



0<|x|<£ 



ip(\x\)i , (dx). 



£<\x\<00 



□ 



Lemma 4.7. For K G K. and e > t/ie following assertions are true: 



E 



(i) 



(ii) Ifip{5) < cS, then 



f K ,e{Xl+x)-f K , £ {X X ) 



X 



fi(dx) < v 



E 



fK,e{Xl + x)-f Kte {X X ) 



X 



fi(dx 

<9fiuiii<(- I x 2 u{dx). j \.r\iAjI.c) 



Proof, (i) Using fi(dx) = x 2 v{dx) onK\ {0} one has that 



E 



X 



fx(dx) < i/(R). 



(ii) If ip(5) < c5, then we can bound the right-hand side in Lemma 
EE] by 



4- 



x oV(x) + 



0<|x|<e 



e<kc <oo 



< — / x 2 dv{x) + c / |x|z/(dx) 

£ -/R Je<|z|<oo 



< — j x 2 v[dx) + - f x 2 v[dx) 

e JR e J e<\x\<oo 

< — lx v(dx). 



Moreover, 



c-2 

£ -/0<]a:]<e 



x 2 v[dx) + / ^(|x|)i/(dx) 

£<|a;|<oo 



< 8c / |x|z/(dx) + c / |x|z/(dx) 

'0<|x|<e ^e<|a;|<oo 



< 8c / |x|z/(d;c). 
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□ 

Lemma 4.8. Let f(x) = X[K,<x)( x ) f or some K e R. Assume a = 0, 
f R \x\^u(dx) < oo and assume that there is a c > such that ip(5) < c5 
for all 5 > 0. Then one has that 

2 / \ 2 



E 



f(X l +x)-f(X 1 



x 



jj,{dx) 



c 
< - 
~ 2 



\x\ 2 f{dx] 



Proof. For dz/ (x) := \x\2u(dx) we get that 

f(X 1 + x)-f(X 1 ) 



E 

< E 



x 



n(dx) 



\f(X l + x)-f(X 1 )\\x\^u (dx) 
< m(R)E / \f(X 1 + x)-f(X 1 )\ 2 \x\- 1 u (dx) 

x^UQ^dx) 



< \m 



■0 



□ 



4.2. Examples. Throughout the whole subsection we fix a real num- 
ber K and let 

f(x) := t(K,oo)(x). 

(a) Without projection on M: We will obtain the (fractional) smooth- 
ness of 1(^ !00 )(X 1 ) in dependence of distributional properties of X. Note 
that Lemma fl~T1 ensures that IT(l(^ i00 )(Xi)) has at least the (fractional) 
smoothness of 1(a-,oo)(-Xi)- Our standing assumption, as mentioned in 
the beginning, is J R x 2 v(dx) < oo. The case C\ below confirms that for 
a compound Poisson process X we have t(K,oo)(Xi) G D 12 . 





a 




additional assumption on v 


Smoothness 




a = 


arbitrary 


I\ x \<i u ( dx ) < 00 


Dl,2 


c 2 


a = 


ip(8) < c6 


J M<1 \x\u(dx) < oo 


Dl, 2 


c 3 


arbitrary 


ip(5) < c6 




Bl.00 



To check this table assume that the chaos-decomposition of fK,s{X\) 
is described by symmetric g^ ,£ G /^(/i®™). From (|T5|) we derive in the 
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case a = that 



K,s\\2 



n=l 



oo „ 

J2^ 2 / (n-l)\\\g«>%-,x)\\ 2 L , 9(n . 1))f i(dx) 

n=l 
oo „ 

^> 2 E / J n _ 1 (^(., 2 ;)l 



E 



1)^2 

(0,1] 



L (o,i] 



71=1 



E 



M\{0} 



X 



fi(dx) 



fi(dx) 



so that 

11/^(^)11^ <1 + 



E 



R\{0} 



X 



fi(dx). 



Cases C\ and Ci'- Exploiting Lemma [4.71 gives that 

SUp ||/jf,l/ m (Xi)|| Dia < oo. 



m=l,2, 



Moreover H/jf.i/m^i) - X(k,oo)(^i)||l 2 "^m by dominated conver- 
gence so that C\ and C2 follow by a standard argument. 



Case C 3 : As before we get from (115]) that 
||/*t,eCXi)||bi i2 



< 1+ / E 



+ l{x=o}/x, £ (Xi) 



fi(dx). 



Exploiting Lemma I4T71 and the property < fx e {x) < 2/e we continue 
with 

ll/^raili, < 1 + - [ x 2 dv(x) + a 2 - 2 ^( £ - 



< 1 + 



9c 



x 2 dv[x) + a' 



2c 



On the other hand, 



llx(*,oo)(Xi) - !kAXi)\W < \fl> (f) 



< 



Estimating the ^-functional i^(tt, l(jf )0O )(Xi); L2, Bi )2 ) by the help of 

the decomposition l (E - j0o) (X 1 ) = l (E - >oo) (X 1 ) - /k, £ (Xi) + f K ,e(Xi) 

1 

and optimizing over e > gives X(if,oo)(Xi) G B^. 
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(b) After projection on M: Here we have the following 



Proposition 4.9. Assume that a = 0, < L \x\^u(dx) < oo and that 
ip(5) < c5. Then one has for all K G R that 

n(i (X)0o) (x 1 )) e d 1)2 . 

Proof. By the same reasoning as in the cases C\ and C 2 it is sufficient 
to show that 

SUp ||n(/^ )1/OT (Xi))||D 12 < OO. 
m=l,2,... 

By (J9]) and Lemma [4.31 it suffices to check that 
sup E 

m=l,2,... 

But this estimate follows from Lemma 14.81 and the representation 

fK,e( X )= [ f'K,e(y) d y= f 1 [y,oo)(x) f Ke (y)dy 

and InfkeWy = 1 - D 

Example 4.10. An example for Proposition 14.91 is obtained from Ex- 
ample S2J Considering 

u a(dx) = ^^ +Q (1 + \x\y m t {x ^ 0} dx 

for d > 0, a G (0, |) and m G (2 — a, oo) gives tp(5) < c5 and < 
J R \x\^du a (x) < oo, where a turns out to be the Blumenthal-Getoor 
index. Using the results of [14J one can also show that l(#- |00 )(Xi) ^ 
D 12 for a > 1 so that the projection IT improves the smoothness of 
V,oo)PG) for a G [1, |). 

Remark 4.11. Using a Fourier transform approach Broden and 
Tankov [5] compute the discretization error under the historical mea- 
sure for the delta hedging as well as for a strategy which is optimal 
under a given equivalent martingale measure. Using the equivalences 
of Theorem 13.61 (i) <^=>- (iv) and Theorem 13.81 (i) <^=>- (iv) one 
can also conclude about the fractional smoothness of the projection of 
the considered digital option from the computed convergence rate for 
equidistant time nets. 



R\{0} 



X 



dfj,(x) 



< oo. 
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